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a b s t r a c t
For given graphs G and H and an integer k, the Gallai–Ramsey number is defined to be the
minimum integer n such that, in any k coloring of the edges of Kn, there exists a subgraph
isomorphic to either a rainbow coloring ofG or amonochromatic coloring ofH . In thiswork,
we consider Gallai–Ramsey numbers for the case when G = K3 and H is a cycle of a fixed
length.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Edge-colorings of complete graphs which contain no rainbow (each edge having a different color) triangle have very
interesting and somewhat surprising structure. In 1967, Gallai first examined this structure under the guise of transitive
orientations. For the following statement, a trivial partition is a partition into only one set.
Theorem 1 ([8,11]). In any rainbow triangle free coloring of a complete graph, there exists a non-trivial partition of the vertices
such that between the parts there is a total of at most two colors, and between each pair of parts there is only one color on the
edges.
Call such a vertex partition a Gallai partition. Since we will frequently be considering Gallai partitions, we define the
reduced graph of a Gallai partition of the vertices into parts A1, A2, . . . , At to be a 2-edge colored complete graph Kt with
labels a1, a2, . . . , at such that the edge aiaj has the same color as the edges AiAj.
Since these rainbow triangle free colorings (also called Gallai colorings) have such useful structure, onemay be inclined to
study the Ramsey problem within this restricted class of colorings. In general, define the Gallai–Ramsey numbers as below.
By k-coloring, we mean a coloring of the edges using at most k colors. If we are forced to use all k colors, the problem is
slightly different only in some cases (see [7] for further discussion of this difference).
Definition 1. Given two graphs G and H and an integer k, the Gallai–Ramsey number grk(G : H) is the minimum integer
n such that every k-coloring of Kn contains either a rainbow (each edge has a distinct color) copy of G or a monochromatic
copy of H as a subgraph.
Although there is much structure known about rainbow triangle free colorings, finding exact values of grk(K3,H) is still
far from trivial, even when |H| is small. In [10], the authors provided the general behavior of grk(K3 : H) as k grows, for
any H .
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Theorem 2 ([10]). Let H be a fixed graph with no isolated vertices. If H is not bipartite, then grk(K3,H) is exponential in k. If H
is bipartite, then grk(K3,H) is linear in k.
Although it is useful to note the difference between the bipartite and the non-bipartite cases, this result gives little
indication toward sharp results. In this paper, we consider sharpening Theorem 2 for the case when H is a cycle. Not
surprisingly, the cases when H is an even or odd cycle yield very different results.
Regarding even cycles, we obtain the following general bounds.
Theorem 3. Given integers n ≥ 4 and k ≥ 2,
(n− 1)k+ n+ 1 ≤ grk(K3 : C2n) ≤ (n− 1)k+ O(n log n).
The case when n = 2 was settled in [5] with the following result.
Theorem 4 ([5]). For any positive integer k ≥ 2,
grk(K3 : C4) = k+ 4.
In this paper, we provide the exact number for the case when n = 3.
Theorem 5. For any positive integer k,
grk(K3 : C6) = 2k+ 4.
For odd cycles, in general, we find the following bounds.
Theorem 6. For any positive integer k ≥ 2 and n ≥ 1,
n2k + 1 ≤ grk(K3 : C2n+1) ≤ k(n− 1)+ n(4n+ 1)3k−3.




5k/2 if k is even
2 · 5(k−1)/2 if k is odd.
Concerning the cycle C5, we prove the following theorem.
Theorem 8. For any positive integer k ≥ 2,
grk(K3 : C5) = 2k+1 + 1.
We will make use of some classical graph Ramsey numbers in our proofs. (For the details of known Ramsey numbers,
see [12].)
Theorem 9 ([6,13]). For all n ≥ 2,
r(C2n, C2n) = 3n− 1.
Theorem 10 ([2]). For all n ≥ 2,
r(C2n+1, C2n+1) = 4n+ 1.







Since we will only be coloring the edges of complete graphs, we abuse notation in the following ways. For a vertex
v in G, d(v) means the color degree of v, i.e., the number of colors used in edges which are adjacent to v in G. Let
δ(G) := min{d(v)| v ∈ V (G)}. Also, for a vertex subset M of V (G), let ⟨M⟩ denote the induced subgraph by M in G. In
this paper, when there is no fear of confusion, a vertex subset and its induced subgraph in G are often identified. So, for
some vertex-disjoint induced subgraphs A1, A2 in G, we write ⟨A1 ∪ A2⟩ briefly instead of ⟨V (A1) ∪ V (A2)⟩. For all other
standard notation see [3].
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2. Even cycle proofs
Wenow consider the problem of finding either a rainbow colored triangle or amonochromatic even cycle. First we prove
a lemma which will be useful in both main proofs of this section.
Lemma 1. In a rainbow triangle free coloring G of a complete graph with no monochromatic C2n, consider a Gallai partition of
V (G). If there exists a part A of order at least n, then |G \ A| ≤ 2(n− 1).
Proof. Suppose there exists a part A of order at least n and that |G \ A| ≥ 2n− 1. Each vertex of G \ A has a single color on
the edges to A. Since there are 2n− 1 such vertices and only two colors available for these edges, there must exist n vertices
A′ ⊆ G \ A, all with the same colored edges to A. Since |A| ≥ n, the graph induced on A ∪ A′ contains a complete bipartite
graph Kn,n in a single color, which contains a C2n, a contradiction. 
Proof of Theorem 3. The lower bound comes from the following inductive construction. The base case of this construction
is when k = 1 and we color a complete graph on 2n− 1 vertices with a single color. This graph clearly contains no rainbow
triangle and does not have enough vertices for a monochromatic C2n. Suppose k ≥ 2 and there exists a (k− 1)-coloring G of
the complete graph on (n− 1)(k− 1)+ n vertices with no rainbow triangle and no monochromatic C2n. To G, we add n− 1
vertices with every edge incident to these new vertices having color k. This new graph is a k-coloring of the complete graph
on (n− 1)k+ n vertices with no rainbow triangle or a monochromatic C2n.
For the upper bound, consider a rainbow triangle free k-coloring G of the complete graph on (n − 1)k + 4(n − 1) +
3n(log2 n− 2) vertices and suppose this coloring contains no monochromatic C2n.
Let D ⊆ V (G) be the largest set of vertices such that each vertex x ∈ D has only one color (denoted by c(x)) on the edges
from x to G \ D and |G \ D| ≥ n. For ease of discussion, we associate the color c(x) to the vertex x for each x ∈ D. Since
|G \ D| ≥ n, if there were a set of n vertices B ⊆ D all of a single color, then the graph induced on B ∪ (G \ D)would contain
a monochromatic Kn,n which contained a monochromatic C2n, thereby proving the following fact.
Fact 1. For each color i, |{x ∈ D : c(x) = i}| ≤ n− 1.
This means that
|G \ D| ≥ 4(n− 1)+ 3n(log2 n− 2).
Consider the partition of G′ = G \ D given by Theorem 1. If we choose one vertex in each part, this induces a 2-coloring,
which means that the number of parts is at most r(C2n, C2n)− 1 = 3n− 2 (by Theorem 9).
Suppose there exists a part A of order at least n. By Lemma 1, the rest of G′ has order at most 2n−2. Each of these vertices
has edges of a single color to A, so we may add the vertices of G′ \ A to D, forming a new set D∗ contradicting the choice of
D. Hence, there is no part of order at least n.
If there are at least five parts A1, . . . , A5 of order at least n2 , then, by Theorem 11, there would exist a monochromatic P4
induced on the reduced graph ⟨a1, . . . , a5⟩. This structure contains a monochromatic C2n, a contradiction.
In general, if there exist at least 3 · 2j − 1 parts of order at least n
2j
, then, by Theorem 11, there exists a monochromatic
P2j+1+1 in the reduced graph. This structure contains a monochromatic C2n, a contradiction. Therefore,
|G′| ≤ 4(n− 1)+
log2 n−2−
j=2




< 4(n− 1)+ 3n(log2 n− 2).
This is a contradiction, completing the proof of the theorem. 
Proof of Theorem 5. The lower bound follows from Theorem 3. For the upper bound, the case when k = 1 is trivial, while
the case when k = 2 follows from Theorem 9. Suppose k ≥ 3 and consider a k-coloring G of the complete graph on 2k+ 4
vertices. By Theorem 1, there exists a partition of the vertices such that there is only one color between each pair of parts
and only two colors total between parts. By Theorem 9, there are at most r(C6, C6)− 1 = 7 such parts. Lemma 1 implies the
following fact for the case when we set n = 3.
Fact 2. If there exists a part A of order at least 3, then |G \ A| ≤ 4.
LetD ⊆ V (G) be the largest set of vertices such that each vertex inD has all edges of a single color to G\D and |G\D| ≥ 4.
For ease of discussion, we again associate the color of the edges between x and G \ D to the vertex x for all x ∈ D.
Claim 1. There can be no three vertices of the same color in D.
Proof of Claim 1. Suppose there exists a setD′ ⊆ D of three vertices having the same color. Since |G\D| ≥ 4, we use the fact
that all edges between D′ and G \ D have the same color to find a monochromatic K3,3. Hence there exists a monochromatic
C6, a contradiction. 
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Let G′ = G \ D and consider a partition of G′ by Theorem 1.
Claim 2. If |G′| ≥ 8 then, in the Gallai partition, each part has order at most 2.
Proof of Claim 2. Suppose there exists a part A of a Gallai partition with |A| ≥ 3. If |A| = 3, then by Fact 2, we find that
|G′| ≤ 7, a contradiction. Hence, suppose |A| ≥ 4. Now the vertices of G′ \ A may be added to D to create a new set D′,
contradicting the maximality of |D|. 




so there must exist a part A of the partition of order at least 3. This contradicts Claim 2. Hence, we may assume |G′| ≤ 14.
If |G′| = 4, then, by Claim 1, D contains exactly two vertices of each color. This means that there are no two edges in any
one color in G′ (otherwise there would be a monochromatic C6), obviously creating a rainbow triangle. Suppose |G′| = 5.
Then there is at most one color (suppose color 1) which does not already have two corresponding vertices in D. There must
be, however, one vertex of color 1 in D. This means that G′ contains no P5 in color 1 and, for all colors i other than color 1,
color i induces at most a single edge in G′. If every vertex in G′ has at least three edges in color 1, then there exists a vertex
v ∈ G′ with all edges of color 1. We may then add v to D, contradicting the choice of D. Hence, there exists a vertex u with
at least two edges in colors other than 1. Since all colors other than color 1 induce at most a single edge in G′, the vertex u
must be contained in a rainbow triangle. A contradiction. Hence 6 ≤ |G′| ≤ 14.
Claim 3. If there exist three parts A1, A2, A3 of order at least 2, in the partition of G′, then there are at most two vertices in
G′ \ (A1 ∪ A2 ∪ A3).
Proof of Claim 3. Suppose the sets A1, A2, A3 exist as stated and let A′ = A1 ∪ A2 ∪ A3. Further suppose there are at least
three vertices in G′ \ A′. Since there are only two colors on the edges between Ai and Aj, there exists an ordering AiAjAk
(suppose i = 1, j = 2, k = 3) such that all edges between Ai and Aj have the same color (suppose red) as all edges between
Aj and Ak.
Now consider a vertex v ∈ G′ \ A′. If the edges from v to A1 are red, then there exists a C6 among the vertices of
v ∪ A1 ∪ A2 ∪ A3. Similarly if the edges from v to A3 are red. That means that the edges between v and A1 ∪ A3 must
all have the other color of this partition (suppose blue). The same holds true for each vertex in G′ \ A′ so, since there are at
least three vertices in G′ \A′ (note that |A1∪A3| ≥ 3), there is a blue K3,3 in A1∪A3∪(G′ \A′). This contains amonochromatic
C6, which is a contradiction. 
If |G′| ≥ 8, then Claim 2 implies there are no parts of order at least 3, and therefore Claim 3 implies that 6 ≤ |G′| ≤ 9.
Furthermore, if there exist three parts of order 2, then |G′| ≤ 8.
The remainder of the proof is broken into cases based on the order of G′.
Case 1. Suppose |G′| = 9.
By Claims 2 and 3 and using the fact that r(C6, C6) = 8, there must exist exactly two parts of order 2 and five singleton
parts for a total of seven parts. Label the singleton partswith v1, . . . , v5 and label the parts of order 2with A1 and A2. Suppose
the two colors in the partition are red and blue and suppose the edges between the sets A1 and A2 are red. If every edge of
E(vi, A1 ∪ A2) is blue for all i, then there will clearly be a blue K3,3 and therefore a blue C6. Hence, there must exist a vertex
(suppose v1) and a set (suppose A1) such that the edges of E(v1, A1) are red. In order to avoid a red C6, all edges in E(vi, A2)
must be blue for i ≥ 2.
If any two of the vertices vi for i ≥ 2 have blue edges to A1 then we could find a C6 in blue in this structure, so at least
three of these vertices (suppose v2, v3, v4) must have red edges to A1. Finally, consider the edges between v2, v3 and v4.
These edges must be either red or blue, but no two can have the same color as this would lead to a monochromatic C6. This
is a contradiction, completing the proof in this case.
Case 2. Suppose |G′| = 8.
By Claim 2 there is no 3-set in the Gallai partition of G′. We can, however, have three sets of order 2 since there are
only two remaining vertices. Suppose there exist three parts of order 2 and two other vertices (either in a single part or
singletons). Label the 2-sets with A1, A2, A3 and label the other vertices with v1 and v2. Again we may suppose without loss
of generality that E(A1, A2) and E(A2, A3) all have color 1 while E(A1, A3) have color 2. Neither E(vi, A1) nor E(vi, A3) for
i = 1, 2 can have color 1, as this would create a monochromatic C6. Hence, E(vi, Aj) all have color 2 for i = 1, 2 and j = 1, 3.
This creates a C6 in color 2, a contradiction.
Next suppose there are two sets of order 2 and four singletons v1, v2, v3, v4. Let A1 and A2 be the sets of order 2 and
suppose E(A1, A2) have color 1. Certainly no three vertices vi can have edges of color 2 to both A1 and A2. This means that
there exist two vertices (suppose v1 and v2) with edges of color 1 to at least one of A1 or A2. To avoid a monochromatic C6
in color 1, we must have E({v1, v2}, Ai) all of color 1 for some i (suppose i = 1). This means that no vertex vi can have edges
of color 1 to A2, so E(vi, A2) have color 2 for i = 1, 2, 3, 4.
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Fig. 1. Double star.
If two vertices vi have edges of color 2 to A1, then there would exist a C6 in color 2, so there must be another vertex
(suppose v3) with E(v3, A1) having color 1. Among the vertices v1, v2, v3 there must be only edges of colors 1 and 2, but no
two of these edges may have the same color without forming a C6, a contradiction.
Finally, suppose there is one part A = {a1, a2} of order 2 and six singleton parts v1, . . . , v6 in the partition. Suppose the
partition uses colors 1 (red) and 2 (blue). If a1a2 has one of these colors, then, since r(C6, C6) = 8, there is a monochromatic
C6. Hence, we may suppose a1a2 has some other color.
In fact, it turns out we can say much more. If we recolor a1a2 with blue, we know there exists a blue C6 in the resulting
graph using the edge a1a2. Similarly, we may apply the same process in red. This means that, in G′, there exists a P6 in each
color (1 and 2) from a1 to a2. Let P be the blue P6 from a1 to a2 and label the vertices of P with a1, v1, v2, v3, v4, a2. We now
state two immediate yet useful observations.
Fact 3. Let G be a monochromatic C6-free coloring. If G contains a C7, then this C7 does not contains any 2-chords (edge uv with
the distance between u and v along the cycle equal to 2).
Fact 4. Let G be a monochromatic C6-free coloring and suppose G contains a monochromatic (red) C5. For every v outside the C5,
v cannot be adjacent to two consecutive vertices of the C5 in red.
Recall that every edge between {v1, v4} and A is blue so, since G contains no blue C6, every edge between {v2, v3} and A
is red. Let X = {v5, v6} be the vertices of G′ \ P .
We now claim that every edge between A and X is red. Suppose that every edge from v5 to A is blue. Then P ∪ v5 forms
a blue C7. By Fact 3, v2v4, v1v3, v5v1 and v5v4 must all be red. This means that v5v1v3a1v2v4v5 is a red C6, a contradiction.
Hence, every edge between A and X is red.
Since P contains a blue C5, using the edge v2v3 and the path v2a1v6a2v3 forms a red P5 from v2 to v3; we know that the
edges from v5 to v2 and v3must not have the same color. By symmetry, we may assume that v3v5 is blue. Then, by Fact 4,
v5v2 and v5v4 are red. Since a1v2v5a2v6a1 is a red C5, applying Fact 4 with v = v3, we see that v3v6 must be blue. Then, by
the symmetry of the roles of v3v5 and v3v6, we see that v6v2 is red. Then a1v6v2v5a2v3a1 is a red C6, a contradiction.
Case 3. Suppose 6 ≤ |G′| ≤ 7.
Consider a Gallai partition of G′ and suppose this uses red and blue edges.
Claim 4. G′ contains both a red and a blue spanning tree (meaning that neither tree is a spanning star).
Proof of Claim 4. If G′ has no spanning tree in one of these colors, without loss of generality suppose red, then there exists
a bipartition of V (G′) into sets B1 and B2 with only blue edges between B1 and B2. If one set, suppose B1, has |B1| ≥ 4, then
we may add the set B2 to D, contradicting the maximality of |D|. This means that |G′| = 6 and |B1| = |B2| = 3. Now there is
a blue K3,3 in B1 ∪ B2 which contains a blue C6, a contradiction. 
Since |G′| < 8, there must exist a vertex v ∈ D with either red or blue edges to G′ (suppose blue). This implies the
following fact.
Fact 5. G′ contains no blue P5.
By Claim 4 and Fact 5, we see that G′ contains no blue cycle. Hence, if we let T be the blue spanning tree, then G′ \ E(T )
contains no blue edge. Since T is not a star and contains no P5, we see that the diameter of T is exactly 3, meaning that T is
a double star (two disjoint stars with centers connected by an edge). Let u andw be the internal vertices of this double star
and let U andW be the corresponding sets of leaves (see Fig. 1).
Since there is a red spanning tree of G′, there must exist a red edge from u to some vertex wi ∈ W . Since G′ is rainbow
triangle free, this means that all edges from wi to U are red. Furthermore, by the same argument, we get all edges from w
to U , all edges from U to W and all edges from u to W in red. This means that the edges between u ∪ U and w ∪ W form
a complete bipartite graph in red except for the edge uw in blue. Since G′ contains no red C6, one of these sets, suppose
u ∪ U , contains only two vertices, call them u and u1. If |G′| = 7, then |w ∪W | = 4. Hence, we may move {u, u1, w} to D,
contradicting the maximality of |D|.
Finally, suppose |G′| = 6. Note that there exists a red P5 in this structure, so there must not be a vertex in D with red
edges to G′. Therefore, since |G′| = 6, for each available color i other than red, there exist two vertices in D with edges of
color i to G′. In particular, there exist two vertices v1, v2 ∈ Dwith blue edges to G′. Since G′ contains two disjoint blue edges,
G′ ∪ {v1, v2} contains a blue C6, a contradiction. 
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3. Odd cycle proofs
Proof of Theorem 6. For the lower bound, consider the following inductive construction. First consider a monochromatic
(in color 1) complete graph on 2n vertices. Certainly this contains no rainbow triangle or monochromatic C2n+1. Next we
suppose there exists a graph Gk−1 on n2k−1 vertices using k − 1 colors with no rainbow triangle or monochromatic C2n+1.
Construct the graph Gk by making two copies of Gk−1 and joining them with all edges of color k. The graph Gk contains no
rainbow triangle or monochromatic C2n+1.
For the upper bound, let G be a rainbow triangle free coloring of Km with k colors form = k(n− 1)+ n(4n+ 1)3k−3. For
ease of notation, let f ′n(k) = grk(K3 : C2n+1). This proof is by induction on k. Let T be the largest set of vertices, each of which
having all edges of a single color to G \ T such that |T | ≤ (k+ 2)(n− 1) (note that T might be empty).
If there are at least n vertices which share a single color (suppose red) on the edges to G \ T , then |G \ T | ≤ f ′n(k − 1)
since there can be no red edges in G \ T . Conversely,
|G \ T | ≥ n(4n+ 1)3k−3 − 2(n− 1) > (k− 1)(n− 1)+ n(4n+ 1)3k−4,
a contradiction. Hence, we may suppose that |T | ≤ k(n− 1).
If we let H = G \ T , then |H| ≥ n(4n+ 1)3k−3 and define fn(k) = n(4n+ 1)3k−3. Note that there is no set A ⊆ H of order
less than nwith edges of all one color to H \ A, otherwise we would have removed this set to T .
Consider a Gallai partition (suppose red and blue edges between the parts) of H . Since r(C2n+1, C2n+1) = 4n + 1 (by







since k ≥ 3.
Define Gr and Gb to be the collections of parts (other than A) with red and blue edges to A, respectively. Note that at least
one such collection of parts must contain at least n vertices (otherwise we could remove both Gr and Gb to T and apply the
same argument as above). Since all edges between A and Gr (and symmetrically between A and Gb) have a single color, we
see that each set A, Gr and Gb is missing edges of at least one color. Hence, |A|, |Gr |, |Gb| < fn(k − 1) by induction on k.
Conversely, |A| + |Gr | + |Gb| ≥ fn(k), which is a contradiction. 
Notice that, if |Gr | > n and |Gb| > n, then |A| < fn(k− 2). Hence, |Gr | + |Gb| + |A| < 2fn(k− 1)+ fn(k− 2), and we can
improve the 3k in the statement to (3− ϵ)k for some ϵ > 0. Since this observation would only complicate the proof and still
not yield a sharp result, we omit the computation.
Proof of Theorem 8. The lower bound follows from Theorem 6. We prove the upper bound by induction on k. By
Theorem 10, we see that r(C5, C5) = 9, so the result holds for 1 ≤ k ≤ 2. Hence, we may assume that k ≥ 3 and set n =
2k+1 + 1. Let G be a rainbow triangle free k-coloring of Kn. For a contradiction, we assume that G has no monochromatic C5.
In V (G), there exists a subset X = {x1, x2, . . . , xm} (possibly with X = ∅) such that, for each subgraph Gj = G \ (∪i<j{xi})
of G for j = 1, 2, . . . ,m, all edges between xj and V (Gj \ {xj}) in Gj have a single color. Choose such a subset X so that m is
maximum. Note that this maximum subset is uniquely determined. For each xj ∈ X with 1 ≤ j ≤ m, by the definition of X ,
let c(xj) be the unique color used between xj and Gj \ {xj}.
Claim 5. For any two distinct vertices u, v ∈ X, c(u) ≠ c(v).
Proof of Claim 5. Suppose not. Then, we can choose the two vertices xi, xj ∈ X with i < j and c(xi) = c(xj) so that j is
minimum (i.e. all colors in {c(x1), c(x2), . . . , c(xj−1)} are distinct). This means that j− 1 ≤ k. Wemay assume that the color
c(xi)(= c(xj)) is blue. If G \ {x1, . . . , xj} contains a blue edge e = yz, then, taking another vertex w ∈ G \ {xi, xj, y, z},
the cycle wxiyzxjw forms a monochromatic C5, a contradiction. Thus there is no blue edge in G \ {x1, . . . , xj}. Since
|G \ {x1, . . . , xj}| ≥ 2k+1 + 1 − (k + 1) ≥ 2k + 1, applying induction on k, we can find a blue C5 in G \ {x1, . . . , xj}, a
contradiction. Thus the claim holds. 
By Claim 5, we see that m ≤ k. In the following argument, we will consider a Gallai partition for G′ := G \ X . Note that,
by the definition of G′, we have δ(G′) ≥ 2.
By Theorem 1, G′ can be partitioned into ℓ vertex-disjoint subgraphs A1, . . . , As, As+1, . . . , Aℓ with |A1| = |A2| = · · · =
|As| = 1 < |As+1| ≤ · · · ≤ |Aℓ| such that, for any 1 ≤ i < j ≤ ℓ, every edge between Ai and Aj has a single color, and the
total number of colors used between the parts is at most two. Here it is possible that s = 0. (Then, by the definition, note
that we would have |A1| ≥ 2.) Since r(C5, C5) = 9, it follows that ℓ ≤ 8. Using the above partition of G′, we define T (G′) to
be the reduced graph of this partition of G′.
Since G does not contain a monochromatic C5, note that T (G′) must also not contain a monochromatic C5. We may as-
sume that the colors used in T (G′) are blue or red (or both), and that the partition A1, . . . , Aℓ was chosen so that ℓ is as small
as possible. Regarding T (G′), we prove the following three basic claims.
Claim 6. Let Y1, Y2 be two vertex-disjoint subgraphs in Gwith 2 ≤ |Y1| ≤ |Y2| such that all edges between Y1 and Y2 have a single
color, say blue. If |Y2| ≥ 3, then Y2 does not contain a blue edge, and moreover, if |Y1| ≥ 3, then neither set contains a blue edge.
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Proof of Claim 6. Otherwise, there is a blue C5 in ⟨Y1 ∪ Y2⟩, a contradiction. 
Claim 7. Let Y1, Y2, Y3 be three vertex-disjoint subgraphs in G such that every three path y1y2y3 with yi ∈ V (Yi) for 1 ≤ i ≤ 3
forms a monochromatic P3 in a single color, say blue. Then, the following statements hold:
(i) If |Yi| ≥ 2 holds for i = 2, 3, then Yj does not contain a blue edge for j = 1, 3.
(ii) If |Y2| ≥ 3, then each set Yi for 1 ≤ i ≤ 3 does not contain a blue edge.
Proof of Claim 7. Otherwise, there is a blue C5 in ⟨Y1 ∪ Y2 ∪ Y3⟩, a contradiction. 
Claim 8. If T (G′) contains a monochromatic triangle T = ai1ai2ai3ai1 with i1 < i2 < i3, then i3 ≤ s holds.
Recall, this means that, in the Gallai partition, |Ai3 | = 1.
Proof of Claim 8. Let T be a monochromatic triangle in T (G′). Put V (T ) = {ai1 , ai2 , ai3} with i1 < i2 < i3, and we may
assume that the color of every edge in T is blue. If i2 > s, then we can easily find a blue C5 in ⟨Ai1 ∪Ai2 ∪Ai3⟩, a contradiction.
Thus we may assume that i2 ≤ s.
Suppose that i3 > s. Note that each edge ai3aj with j ∈ {1, 2, . . . , ℓ}\{i1, i2, i3} is red, since otherwise we can easilymake
a blue C5 in ⟨Ai1∪Ai2∪Ai3∪Aj⟩. This, togetherwith the fact that |Ai3 | ≥ 2 and Claim 6, implies that, if |G′\(Ai1∪Ai2∪Ai3)| ≥ 3,
then G′ \ (Ai1 ∪ Ai2 ∪ Ai3) does not contain a red edge. Hence, by induction, |G′ \ (Ai1 ∪ Ai2 ∪ Ai3)| ≤ 2k.
Consequently, it follows that |Ai3 | ≥ |G′|−(2k+2) ≥ 2k+1+1−m−2k−2 ≥ 2k−k−1 ≥ 3. This, together with Claim 7
(here, let Y1 = Ai1 , Y2 = Ai3 , Y3 = Ai2 ), implies that Ai3 does not contain a blue edge. We claim that Ai3 does not contain a
red edge either. To see this, assume for a moment that Ai3 contains a red edge. Since |Ai3 | ≥ 3 and every edge between Ai3
and G′ \ (Ai1 ∪Ai2 ∪Ai3) is red, in view of Claim 6, we obtain |G′ \ (Ai1 ∪Ai2 ∪Ai3)| = 1. Then, since Ai3 does not contain a blue
edge and |Ai3 | ≥ 2k+1−m−3 ≥ 2k+1, by the induction hypothesis, we can find amonochromatic C5 in Ai3 , a contradiction.
Thus Ai3 does not contain a red edge, as claimed. Notice that Ai3 contains at most k− 2 colors. Under the assumption that|Ai| > 1, we see that |Ai1 ∪ Ai2 ∪ Ai3 | ≥ 4, so there must exist no vertex x ∈ X with blue edges to G′, and hence,m ≤ k− 1.
Since |Ai3 | ≥ |G′| − (2k + 2) ≥ 2k+1 + 1−m− 2k − 2 ≥ 2k − (k− 1)− 1 ≥ 2(k−2)+1 + 1, by the induction hypothesis, we
can find a monochromatic C5 in Ai3 , a contradiction. Thus the claim holds. 
We divide the remainder of the proof into two cases.
Case 1. T (G′) contains a monochromatic triangle T .
In view of Claim 8, the subgraph Y = ⟨as−1, as, . . . , aℓ⟩ in T (G′) does not contain a monochromatic triangle. Suppose
that Y contains a monochromatic C7, say blue. Since Y contains neither a blue triangle nor a blue C5, the blue C7 has no blue
chord. This means that Y contains a red triangle, which contradicts Claim 8. Hence Y does not contain a monochromatic C7.
Since |Y | ≤ 7, this implies that Y contains both a spanning bipartite blue subgraph and a spanning bipartite red subgraph.
Since Y does not contain any vertex of a monochromatic triangle, every partite set in the above monochromatic bipartite
subgraphs has at most two vertices. Consequently, we have |Y | = ℓ− s+ 2 ≤ 4, and hence ℓ− s ≤ 2.
First, suppose that ℓ−s = 1. Obviously it follows that |As+1| ≥ 3. Then there exists amonochromatic three path ai1as+1ai2 ,
say, a blue P3 with ai1 , ai2 ∈ T . By Claim 7, As+1 does not contain a blue edge, and hence it has at most k− 1 colors. Here we
consider the special case where k = 3 in advance. In this case, we see that X does not contain a vertex v such that c(v) is
blue, because, if there exists such a vertex v, letting Y1 = Ai1 , Y2 = ⟨As+1 ∪ v⟩, Y3 = Ai2 , we get a contradiction to Claim 7.
Moreover, if As+1 contains k − 1(= 2) colors, then either m ≤ k − 2(= 1) or |As+1| ≤ 4 holds, because it is known that
r(P4, P4) = 5. Since |As+1| = |G′| − s ≥ 23+1 + 1− m− 7 > 4, it follows thatm ≤ k− 2 = 1 when k = 3. Keeping this in
mind, we return the proof of the general case where k ≥ 3. Then, for all k ≥ 3, we have
|As+1| ≥ |G′| − s ≥ 2k+1 + 1−m− 7 ≥ 2k + 1.
Consequently, by induction, As+1 contains a monochromatic C5. This is a contradiction.
Thus we may assume that l− s = 2. By symmetry, we may assume that as+1as+2 is a blue edge. Note that |As+2| ≥ 3. By
Claim 6, As+2 does not contain a blue edge. Then, by induction, wemay assume that |As+2| ≤ 2k. This implies that |As+1| ≥ 3
as long as k ≥ 4.
For a moment, suppose k = 3 and, since we would like to show that |As+1| ≥ 3, suppose this is not the case (this
means |As+1| = 2). Let xr and xb be the vertices of X such that c(xr) is red and c(xb) is blue if such vertices exist. Notice that
T (G′)∪{xr , xb} forms a 2-colored complete graph, so |T (G′)∪{xr , xb}| ≤ 8 since r(C5, C5) = 9. Therefore |G′∪{xr , xb}| ≤ 16,
so theremust exist another vertex x ∈ X and,without loss of generality, suppose c(x) is green. Since there is no green P4 inG′,
theremust exist an edge u1u2 ∈ As+2 that is not green. Now, if we let y ∈ As+1 and let B = As+2 \{u1, u2}, then G\({x, y}∪B)
contains no green edges (so only red and blue) and has |G \ ({x, y} ∪ B)| ≥ 9. Hence, there exists a monochromatic C5 in G,
a contradiction.
Suppose for a moment that T is a blue triangle. If there are two blue independent edges between T and {as+1, as+2}, then
we can find a blue C5, a contradiction. Hence, we see that there exists a red P3 which contains as+1 or as+2 as an internal
vertex in T (G′). Since |As+1| ≥ 3, in view of Claim 7, it follows that one of As+1 or As+2 does not contain a red edge. Hence,
by induction, we see that |As+1| ≤ 2k−1. Consequently,
|G| ≤ 2k + 2k−1 +m+ s < 2k+1 + 1 (1)
as long as k ≥ 5. This is a contradiction.
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For the case when k ≤ 5, we note that there must not exist either vertex vr , vb ∈ X such that c(vr) is red or c(vb) is
blue. Otherwise, this would create a red C5 using the red P3 noted above or a blue C5 using As+1 and As+2. Hence,m ≤ k− 2.
This implies that Inequality (1) is satisfied for k = 4, so we need only consider the case when k = 3. We further suppose
|As+2| ≥ 5 since otherwise Inequality (1) would hold. This implies there exists a red edge in As+2, which further implies that
all but at most one set of edges from ai must be blue for i ≤ s. In particular, at least two vertices of T must have blue edges
to As+2. This creates a blue C5 in T ∪ As+2 ∪ As+1, a contradiction.
Thus, we may assume that T is a red triangle. Since δ(G′) ≥ 2, every vertex of T is adjacent to T (G′) − T with a blue
edge. Then there exists a blue P3 which contains as+1 or as+2 as an internal vertex in T (G′). Then, using exactly the same
argument as in the case where T was a blue triangle, we get a contradiction. This completes the proof of this Case 1.
Case 2. T (G′) does not contain a monochromatic triangle T .
Arguing similarly to Case 1, we see from the assumption of Case 2 that 2 ≤ ℓ ≤ 4. If the graph induced on either blue or
red edges is disconnected, then ℓ = 2 by the minimality of ℓ. Hence, we have only to consider the following two subcases.
Subcase 2.1. ℓ = 4 and T (G′) contains both a blue P4 and a red P4 as induced subgraphs.
In this case, note that there are no vertices xr or xb ∈ X with red or blue edges respectively to G′, since otherwise we can
find a blue or red C5. This means thatm ≤ k− 2.
Claim 9. For each i with 1 ≤ i ≤ 4, if |Ai| ≥ 3 and ai is an internal vertex on a blue (respectively red) P4, then Ai does not contain
a blue (respectively red) edge (i.e., Ai contains at most k− 1 colors and hence, by induction, we may assume that |Ai| ≤ 2k).
Proof of Claim 9. Since T (G′) contains both a blue P4 and a red P4 as spanning subgraphs, it follows that ai (for all 1 ≤ i ≤ 4)
is an internal vertex on a blue P4 or a red P4. Hence, in view of Claim 7, the claim holds. 
By Claim 9, we see that |A4| ≤ 2k, so |A3| ≥ 3. Assume for a moment that |A2| ≤ 2. By symmetry, we may assume that
a4 is an internal vertex of a blue P4. If a3a4 is a red edge, then we see from Claim 6 that A4 does not contain a red edge. Then,
by induction, it follows that |A4| ≤ 2k−1, and hence |G| ≤ m+ 4+ 2 · 2k−1 < 2k+1 + 1. This is a contradiction.
Thus we see that a3a4 is a blue edge. Suppose that a3 is another internal vertex on a blue P4. Then we see from Claim 7
that every Ai for 1 ≤ i ≤ 4 does not contain a blue edge. This means G′ can be partitioned into two parts A′1 and A′2 such
that A′1 = Ai1 ∪ A3 and A′2 = Ai2 ∪ A4 with {i1, i2} = {1, 2} and each A′i does not contain a blue edge. Then, for some j with
j = 1, 2, it follows that |A′j ∪ X | ≥ 2k + 1. Since ⟨A′j ∪ X⟩ does not contain a blue edge, by induction, ⟨A′j ∪ X⟩ contains a
monochromatic C5. This is a contradiction.
Hence,wemay assume that a3 is an endvertex of a blue P4. Since a3 is also an internal vertex of a red P3, by Claim7, A3 does
not contain a red edge. Since it follows from Claim 6 that A3 also contains no blue edge, by induction, we have |A3| ≤ 2k−1.
Consequently, we see that |G| ≤ 2k + 2k−1 + m + 4 ≤ 2k+1 + 1, and the equality could hold only if k = 3. Thus, we may
assume that k = 3. From the above arguments, we havem = 1 and |A3| = 4. Since A3 contains no blue or red edges, we see
that A3 forms a monochromatic K4 with a third color, say green. Also, since X has no vertex which is incident to a blue or red
edge, the fact thatm = 1 and k = 3 implies that ⟨X ∪ A3⟩ contains a green C5, which is a contradiction.
We have shown that |A2| ≥ 3. In this case, using Claims 6 and 7, we see that every Ai with 1 ≤ i ≤ 4 does not contain
a blue edge or a red edge. Hence, by the induction hypothesis, |A4| ≤ 2k−1 holds. This forces |X ∪ A3 ∪ A4| ≥ 2k + 1. Since
X ∪ A3 ∪ A4 contains at most k − 1 colors (no red edges), by the induction hypothesis, there exists a monochromatic C5, a
contradiction. This completes the proof of Subcase 2.1.
Subcase 2.2. ℓ = 2. We may assume that a1a2 is a blue edge. In this case, note that |A1| ≥ 2 by the choice of X . Then, by
Claim 6, it follows that A2 does not contain a blue edge, and hence |A2| ≤ 2k holds (by induction). This implies that |A1| ≥ 3
and A1 does not contain a blue edge by Claim 6. In view of Claim 7, we see that ⟨X ∪ A2⟩ does not contain a blue edge. Since
|X ∪ A2| ≥ 2k + 1, by induction, this contains a monochromatic C5. This is a contradiction. This completes the proof of
Subcase 2.2, and hence, the proof of the theorem. 
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